Abstract| Recently, decorrelator-based receivers have been investigated for demodulating data in a dual-rate synchronous DS/CDMA system. The proposed receivers were a high-rate decorrelator (HRD) matched to the data rate of the high-rate users and a low-rate decorrelator (LRD) matched to the data rate of the low-rate users. In this paper, the probabilities of error attainable for high-rate and low-rate users with the use of the HRD and the LRD are analyzed. It is proven that the LRD o ers superior performance to that of the HRD for all users. Asymptotic analysis provides bounds for the performance di erence for high-rate users. The results are generalized to multi-rate systems. To increase delity, a Sliding-Window Decorrelator is proposed which demodulates a high-rate user's data by a soft decoding rule from the outputs of several decorrelators sliding along the received signal sequence. The results show that it performs better than the HRD while maintaining smaller demodulation delay and computational complexity than the LRD. To further exploit the characteristics of multi-rate systems, a decorrelating decision-feedback detector is proposed and its asymptotic multiuser e ciency is analyzed. It is shown that this detector incurs little demodulation delay for high-rate users and provides better performance for lowrate users than that of the LRD when the energies of the interfering users are comparable to that of the desired user.
I. Introduction
Code-Division Multiple-Access (CDMA) is a promising technique for providing multi-user access in wireless systems. Relative to other access schemes, CDMA can increase the number of potential users in bursty or fading channels. Thus, CDMA is attractive for applications such as mobile cellular telephony and personal communications. Past forays into multi-user receiver development for CDMA-based communications (see e.g. 2], 3], 4], 5], 6]) have focused on systems where each user transmits information at the same data rate. With the pursuit of an ubiquitous wireless communications system that can provide wireless transport for a variety of information sources, it will be desirable to develop multiple bit rate systems. It This research was supported by the National Science Foundation under Grants NCR 95-05881 and NCR-9624375. This paper was presented in part at 34th Annual Allerton Conference on Communication, computing and control, Monticello In this paper, we shall investigate receiver structures for multi-rate Direct-Sequence CDMA (DS/CDMA) systems. In particular, we shall extend previous results for dualrate systems 17]. This prior work considered decorrelatorbased receivers. The decorrelating detector 4] bene ts from a simple linear structure, construction without knowledge of the received signal amplitudes and optimal near-far resistance 23]. Near-far resistance re ects the detector's ability to combat the worst case multiple-access interference signal.
The prior dual-rate work 17] proposed the use of two decorrelators: a high-rate decorrelator (HRD) matched to the data rate of the high-rate users and a low-rate decorrelator (LRD) matched to the data rate of the low-rate users. Herein, we shall prove that the performance attained for both high-rate and low-rate users employing LRDs is superior to that achievable with the use of HRDs. 1 These results are generalized to multi-rate systems. In addition, asymptotic results provide simple bounds on the performance improvement for varying data rate ratio. While the LRD pro ers improved performance for both highrate and low-rate users, it does incur additional computational complexity as well as a processing delay. To improve performance with less complexity and delay, we propose two receivers, one linear (sliding-window decorrelator) and one non-linear (decorrelating decision-feedback detector), based on the HRD/LRD receivers.
Because of the di erent data rates that coexist in a dual-rate system, a high rate decision-feedback decorrelator (HRDF) was proposed for the synchronous dual-rate system in 18] . By successively subtracting the reconstructed previous high-rate signals from the previous decoding results, it can approach the single user bound as the interference grows strong. However, the structure of the detector is complicated and varies from high-rate data bit to high-rate data bit; its performance was evaluated through numerical simulation. In this paper, we propose a decorrelating decision-feedback (DDFB) detector based on 2] and 3] with a simpler structure. It uses the high-rate decorrelators to decode the high-rate data bits except those in the last sub-interval. After subtracting the interference due to the decoded high-rate data bits from the received signal, a decorrelator is applied to the low-rate data bits and the high-rate bits in the last sub-interval. The asymptotic multiuser e ciency (AME) 6] of the detector is derived analytically using the methods of 27]. This performance measure characterizes the detector's ability to combat the multiple-access interference in the high SNR region. Lower and upper bounds of the AME are determined which have a lower computational complexity than the exact AME. These bounds are derived by extending the work found in 27], 28]. In some special cases, the computational complexity of the bounds is linear in the number of active virtual users.
This paper is organized as follows. Section II describes the received signal and the dual-rate communication scenario. The main results from 17] are summarized in Section III. Section IV provides the analytical comparison of the performance of the HRD and the LRD. The improved linear receiver is presented in Section V, while the proposed non-linear receiver is analyzed in Section VI. Numerical results are given in Section VII and nal conclusions are drawn in Section VIII. Appendix A and Appendix B provide the proofs of the propositions in Section IV. Appendices C through F detail derivations of the results shown in Section VI.
II. Preliminaries
We will begin with the consideration of a dual-rate system; in the sequel, the dual-rate results will be extended to the multi-rate scenario. In a synchronous, dual-rate, DS/CDMA system, the bit interval of the low-rate users is denoted as T 0 . The bit interval of the high-rate users is denoted as T 1 , where we assume that M = T0 T1 is an integer. The received signal can be de ned as 2
In this paper, we employ the notation of 17] when comparing the performance of the LRD and the HRD. A j;0 b j;0 (t)s j;0 (t) + n(t); (1) where the second subscript indicates whether the parameter is for a low-rate user (0) or for a high-rate user (1).
A j;0 and b j;0 (t) represent the received amplitude for the j'th low-rate user and its received bit at time t. Similarly, A (m) k;1 and b (m) k;1 (t) are the received amplitude in the m'th sub-interval for the k'th high-rate user and its received bit at time t. The signature sequences are denoted by s j;0 (t) and s (m) k;1 (t) for low-rate and high-rate users, respectively.
The noise process, n(t), is additive, white, and Gaussian with variance 2 . Each user's signature sequence is normalized over its bit interval, i.e. In this system model, we are considering coherent reception without any multi-path e ects. In addition, pseudosynchronism is assumed as seen in Figure 1 . While this is potentially a restrictive set of assumptions, the analysis of this idealized system is a necessary precursor for the study of more realistic channels. It has been shown that pseudosynchronism can be achieved in the reverse link 20]. This pseudo-synchronous approach has applicability in wireless local loops (wireless xed phones) since the delays are xed and power constraints are not as stringent as in the mobile case. In scenarios, such as a satellite channel, the fading is not as signi cant due to the assumption of a strong lineof-sight component. Thus, our set of assumptions still has practical signi cance.
This dual-rate system model admits exploration from two perspectives. First note that in the interval 0; T 0 ], each high-rate user is equivalent to M virtual low-rate users. The signature sequences for the m'th virtual user (m'th bit) of high rate user k is
Therefore, the dual-rate system with K 0 low-rate users and K 1 high-rate users is equivalent to a single-rate system with K users (K = K 0 + MK 1 ). This single, common rate is equivalent to the data rate of the low-rate users. After the received signal passes through the bank of lters matched to the spreading codes of the active users, the outputs can be written in the following matrix form, r = ? b + n; Figure 1 .
After the received signal passes through the bank of matched lters, the outputs in this sub-interval can be written in matrix form as, is a diagonal matrix whose diagonal elements are the amplitudes of the bits in b (i) , and n (i) is a Gaussian noise vector with zero mean and correlation matrix 2 ? (i) . Note that in this sub-interval, the signature sequence for a highrate user has unit energy, while the signature sequence for each low-rate user has only a fraction ( 1 M ) of its total unit energy. The users in this sub-interval can be regarded as K 0 + K 1 high-rate users and thus can be jointly demodulated by a decorrelator matched to the high-rate:
This decorrelator is referred to as a high-rate decorrelator (HRD) 17]. In the next few sections, we will investigate the performance of the LRD vis a vis the HRD.
III. Review of Previous Work on Dual-Rate Decorrelators
In 17], the use of the LRD and HRD as described above was proposed. It was observed that the use of the LRD incurred a demodulation delay for the high-rate users; in addition, it required the inversion of a potentially large matrix. It is patent that as the ratio M increases, the dimension of the correlation matrix ? increases rapidly even if K 1 and K 0 are small. Increasing M further exacerbates the complexity and delay concerns associated with the LRD. This property of the LRD recommends the use of the HRD. For the high-rate users, the received bits are the output of the decorrelator applied in each sub-interval. For the lowrate users, a soft decoding rule based on maximal ratio combining 1] is used to estimate the low-rate user bits: Saquib et. al . 17] proved that if the signature sequence for the low-rate users are the same in every sub-interval, then the LRD and HRD achieve the same bit error rate for each low-rate user. This type of spreading code for the low-rate user will be referred to as a repetition code. The authors 17] observed from their numerical examples that the high-rate users su er in performance when a HRD is applied instead of the LRD 3 . We next prove and generalize this observation.
IV. Further Results on LRD and HRD
In this section, we prove that the performance resulting from demodulating high-rate and low-rate users using the LRD is superior to that achieved by the HRD. This result is generalized to systems where multiple data rates are o ered.
Prior For the high-rate decorrelator, the correlation matrix ? (i) for the i'th sub-interval has the form: k;1 ( ) as the probability of error for detecting the i'th bit for high-rate user k using the LRD, then P HRD
Proof:
The proposition can be proved using the matrix inversion lemma (see e.g. 24]) and equations (10) ( ) remains the same by equations (10){(13) and (15) . Intuitively, as M increases, the cross-correlation between the high-rate and the low-rate users decreases. The probability of error of a high-rate user applying the LRD also decreases, although the total number of virtual users actually increases. While the high-rate users using the HRD bene t from the lower cross-correlation, this advantage is canceled by the decorrelation of the weaker low-rate signals in this sub-interval. Thus, the overall probability of error for a high-rate user in the HRD remains the same. As M ! 1, the di erence between the probabilities of error for the HRD and the LRD will increase and approach a non-zero constant. Thus we can determine bounds on the di erence in performance. This asymptotic behavior will be explored in Section VII. Proposition IV.2: In a general dual-rate system, (16) if and only if the set of signature sequences for the high rate users is orthogonal to the set of signature sequences for the low-rate users.
Proof: This proposition follows from the proof of Proposition IV.1.
2
From the above propositions, we conclude that the highrate users su er performance degradation when using a decorrelator matched to the high rate. This is the price paid for shorter demodulation delay and less computational complexity. Only orthogonality between the user sets can ensure equivalent performance for the high-rate users.
Similar results hold for detecting the low-rate user bits using the HRD and maximal ratio combining: Proposition IV.3: For a general dual-rate system, P HRD
where P HRD b k;0 ( ) is the probability of bit detection error for low-rate user k with maximal ratio combining on the high-rate decorrelator, and P LRD b k;0 ( ) is the probability of detection error for the low-rate decorrelator for low-rate user k.
Proof: See Appendix B.
We can extend the above propositions to the scenario where multiple data rates are o ered. In a general multiple data rate system with data rates R 1 < R 2 < < R h , we can apply a decorrelator matched to the bit interval of data rate R i (1 i h) with maximal ratio combining for those data bits whose rates are lower than R i . We denote this decorrelator to be a R i -rate decorrelator (R i D). high rate user Fig. 2 . Soft-decoding scheme for high-rate users using a sliding window.
For a general multi-rate system with decorrelators matched to data rates R l and R j (R j > R l ), we can group the users into two categories: those with data rates < R j which will be denoted as lower-rate users and those with data rates R j which will be denoted as higher-rate users. Those lower-rate users whose data rates are not equal to R l can be regarded as virtual users with data rate R l . Those higher-rate users whose data rates are greater than R j can be regarded as virtual users with data rate R j . Note that we only consider a multi-rate system in which higher rates are multiples of the lower rates. Now the case of a multirate system is reduced to a dual-rate system with data rates R l and R j . Note that in the proofs of Propositions IV.1{
IV.3, the only constraint on the correlation matrices is that they are positive de nite. So Proposition IV.4 can be proved by applying Propositions IV.1{ IV.3 directly. 2
We next consider a moderate complexity alternative to the LRD that o ers improved performance over the HRD for high-rate users.
V. Sliding-Window Decorrelator
As has just been shown, the high-rate users su er performance degradation when employing the HRD in a dualrate system. The probability of error can be reduced by extending the soft-decoding idea proposed in 17] for the HRD and low-rate users to that for high-rate users. In order to employ such a scheme, multiple estimates of the high-rate users' bits are formed. The estimates are drawn from decorrelators designed for C sub-intervals. The softdemodulation scheme is illustrated in Figure 2 .
Since the window of length CT 1 \slides" over the received signal, we name this new receiver the sliding-window decorrelator (SWD) 4 . A linear combination of these estimates via maximizing the output SNR is proposed. We let the received signal in the C sub-intervals be r i;i+C?1] = h r (i) T ; r (i+1) T ; ; r (i+C?1) T i T ; (19) and denote the correlation matrix for the signal present in r i;i+C?1] as ? i;i+C ?1] . We form multiple estimates for 4 It is noted that a Sliding-Window Decorrelator is proposed in 25] to improve the n-shot decorrelator's performance in an asynchronous DS/CDMA single-rate system.
high-rate user bit, b (i) (24) where is a L 1 vector comprised of ones. Correspondingly, the probability of error of a high-rate user in the i'th In order to reduce the delay of decoding the high-rate data bits and maintain good performance for low-rate users, a Decorrelating Decision-Feedback (DDFB) detector is also considered for dual-rate systems. The proposed DDFB receiver works as follows. In the rst stage, each high-rate user's bit except the one in the last sub-interval is decoded by a HRD. Then, those rst stage estimates are used to reconstruct the signals of the high-rate users in the rst M ? 1 sub-intervals. In the second stage, the reconstructed signals are subtracted from the received signal and a decorrelator which we denote as the second stage LRD, is applied to the high-rate users' bits in the last sub-interval and all the low-rate users' bits. This detector is illustrated in Figure 3 . This scheme incurs no demodulation delay for each high-rate user's bits and improves the performance for low-rate users by eliminating the interference from the high-rate data bits in the rst M ? 1 sub-intervals.
In this section, we will analyze the performance of the low-rate users applying the proposed DDFB receiver In order to investigate the DDFB receiver analytically, we use the Asymptotic Multiuser E ciency (AME) 6] to characterize the performance of this detector. The AME is de ned as k = sup r : lim !0 P b k ( )=Q p rA k < +1 : (27) This asymptotic measure quanti es how well the detector performs in the presence of the multiple-access interference relative to the single user performance without the multiple-access interference as the noise energy goes to zero 5 . We will rst derive the expression for calculating the exact AME of the DDFB receiver. However, this expression is found to be computationally expensive. To reduce the computational complexity, we will also develop lower and upper bounds of the AME. We will summarize the results in the following sections. The complete derivations can be found in Appendices C through F. A. Asymptotic Multiuser E ciency
We will compute the AME of a low-rate user by applying the techniques derived in 27] for calculating the AME of a decision feedback receiver for a single-rate system. In the rest of the paper, we continue to use the notation de ned in the previous sections as they are applicable. Because of the di erence in the structure of the DDFB receiver, we will also de ne additional notation. Speci cally, we will add a tilde (~) on top of those matrix blocks which correspond to second stage decorrelation in order to distinguish them from the matrix blocks de ned in the previous sections for single stage decorrelation.
Applying the lemma derived in 27], the fact that the noise components from the outputs of the decorrelators in the two stages are independent of each other (see Appendix C), and equation (27), we can get the expression of the exact AME for the k'th low-rate user in DDFB receiver: 5 The quantity Q p rA k is the probability of error achieved by the optimal single-user receiver operating in a single-user channel where the SNR is rA 2 k 2 .
where H (i) is de ned in equation (13) Note that there are a total of 2 2(M?1)K1 possible realizations. If the number of users or the rate ratio M is large, the search space will be so immense that it will be impossible to determine the AME in a reasonable time period. It is this observation that motivates us to derive upper and lower bounds of the exact AME so that we can bound the performance with much less computation. In the special case of using repetition codes, the complexities of the bounds are linear in the number of the users. Two lower bounds will be determined as well as an upper bound.
B. Lower Bounds on Asymptotic Multiuser E ciency
A lower bound of the AME is derived based on Lupas' method 28]. It uses the fact that the probability of a joint event is upper bounded by the minimum of the probabilities of the individual events within this joint event. Lupas' method was proposed for the general single-rate system in which all the noise components are assumed to be correlated. Exploiting properties of the noise shown in Appendix C, we can derive a tighter lower bound for the DDFB receiver: We denote this bound as Lower Bound 1 (LB 1 ). Although it is tighter than Lupas' bound, it requires the computation of (K 1 + 1) M?1 terms while we need only to compute K 1 (M ?1)+1 terms to determine Lupas' bound.
A looser lower bound can be derived which has a reduced computational complexity, but compromises on tightness. It is noted however, that this second lower bound is still tighter than Lupas' bound. We denote it as Lower Bound 2 (LB 2 ). and i max is the index of the high-rate user which has the maximum probability of error in the i'th sub-interval.
In the worst case, Lower Bound 2 requires the computa- 
C. Upper Bound on Asymptotic Multiuser E ciency
One interpretation of the expression of the exact AME in equation (28) in Section VI-A, is that evaluation of the exact AME requires the evaluation of a set of conditional AMEs 6 ; the minimum of this set of conditional AMEs is the exact AME. In turn, these conditional AMEs are derived from (min v2A v T ? ?1 N v). Therefore, any conditional AME is an upper bound of the real AME. However, since nding the exact value of a conditional AME is still computationally expensive, we will further upper bound the conditional AMEs and from this derive an upper bound on the actual AME.
Instead of solving (M ?1) K 1 -dimensional minimization problems to nd each conditional AME, we upper bound each K 1 -dimensional minimum by the minimum of K 1 onedimensional minima and derive the following upper bound of the AME for the DDFB receiver: (34) 6 Please see Appendix D for the de nition of conditional AME. In this section, we present numerical results for the properties we have theoretically investigated in the previous sections. In Figures 4 and 5 , we see the asymptotic e ects of increasing the rate ratio M. In Figure 4 , the e ects of high and low cross-correlation between signature sequences is investigated. The SNR for the desired user is 10dB, while K 0 = 3 and K 1 = 2. The signature sequences are formed from length 7 Gold codes and m-sequences 30] . For the high correlation case, we see signi cant performance degradation for the HRD versus the LRD; however if the correlations are minimized, the degradation is not as signi cant. The e ects of loading are explored in Figure 5 . The high load scenario is parameterized by K 0 = 8 and K 1 = 7 while in the low load case there are 2 low-rate and 2 high-rate users. For this gure, the signature sequences were created from length 15 m-sequences. It is clear that the e ects of loading are analogous to that of correlation between codes.
As the rate ratio M goes to in nity, the performance di erence for a high-rate user is upper bounded by a constant.
In Figure 6 we observe the improvement a orded by the use of the Sliding-Window Decorrelator (SWD). The output SNR of the SWD is compared to that attained by a single estimate using a decorrelator matched to the interval CT 1 , hence we call this decorrelator a medium-rate decor- formance is investigated by considering the load and the sequence set cross-correlations. The parameters for the scenarios considered are the same as those in the previous gures. It is patent that for lightly loaded systems or systems where there is minimal cross-correlation between the codes, the SWD o ers limited advantage. However, for high loading or high cross-correlation, gains as high as 1dB can be experienced with short windows (C = 2; 3). Thus there are scenarios where it would be prudent to apply the SWD, and those where it would not. In Figure 7 , we see the calculation of the di erent bounds of the AME of the DDFB detector for a low-rate user. The rate ratio is M = 3 and there are four low-rate users and three high-rate users in the dual-rate system. The amplitude ratio r is de ned as r = AI A1;0 where A I is the amplitude for all the other high-rate and low-rate interfering users. It ranges from 0 to 1:5. The signature sequences are randomly generated binary sequences. It is observed that due to the characteristics of the dual-rate system, Lower Bound 1 is tighter than Lupas' bound at the expense of more computational complexity. Lower Bound 2, although looser, is still very close to Lower Bound 1 with less computation needed. Their di erences are distinguishable only in the interval 0:2 < r < 0:7. This e ect is observed for di erent sets of random codes. Compared with the lower bounds, the upper bound is much closer to the true AME in this case. This is not always true especially when the rate ratio is M = 2. When M = 2, the characteristic of independent noise components cannot be exploited and the true AME oscillates between the lower and the upper bound for different sets of signature sequences. When M = 3, however, it was observed that the true AME is closer to the upper bound for most of our calculations. The comparison of the AME performance of DDFB, LRD, SWD and HRD detectors is presented in Figure 8 . We use the same spreading codes, rate ratio and the number of users as in Figure 7 . As expected, when the amplitudes of the interfering signals are larger than that of the desired user or very small, the AME of the DDFB detector outperforms the other three decorrelator-based receivers. When the amplitudes of the interfering signals are about 1=4 of that of the desired user, the AME of the DDFB detector is inferior to the AMEs of the LRD and SWD, but is still superior to that of the HRD. Since the AME is an asymptotic performance measure, it is also desirable to compare these receivers in terms of probability of error for a given SNR. Figure 9 gives the comparison of the probabilities of error of these decorrelator-based receivers in which the desired low-rate user's SNR ( A 2 k;0 2 ) ranges from 0 dB to 13 dB. All the interfering users have 10 dB SNR. The spreading codes, rate ratio and the number of users are the same as in Figure 8 . Since there is no closed form expression for the DDFB receiver, its probability of error is numerically simulated with 2; 000; 000 samples for each SNR point. The probabilities of error for the other receivers are computed analytically. This gure shows that in the SNR range we consider here, DDFB receiver always performs the best. This is due to the fact that the amplitude ratio r ( AI A1;0 ) is in the range of 0:708 to 3:162 { a region where the DDFB receiver is superior to the LRD as seen in Figure 8 .
VIII. Conclusion
In this paper, we have shown that the low-rate decorrelator outperforms the high-rate decorrelator as proposed in 17] for both high-rate and low-rate users. In addition, we observed that as the rate ratio (M) increases, the di erence between the probabilities of error for high-rate users between these two receivers asymptotically approaches a constant. The inherent increased computational complexity and delays present due to the use of the LRD for highrate user detection are combatted by introducing maximal ratio combining on multiple estimates of the high-rate user bits in the sliding window decorrelator. As few as two or three pre-estimates can result in appreciable performance gains. To further reduce the complexity and delay while maintaining good performance for the low-rate users, a decorrelating decision-feedback detector is investigated. The decision-feedback structure ensures no signi cant delay for demodulating high-rate users and better performance than that of the LRD for low-rate users when the energies of the interfering users are comparable to that of the desired user.
Thus, two new decorrelator-based receivers for multirate systems were proposed and analyzed. These receivers can achieve better performance while maintaining limited demodulation delay and moderate complexity than previously proposed multi-rate receivers.
This paper has focused on the scenario of a synchronous, AWGN channel. This treatment is a necessary precursor for the consideration of more realistic channels. However, as noted in Section II, there are some practical scenarios which can be well-approximated by this set of assumptions, and thus our results can be readily applied. Future work will focus on the provision of multi-rate detection schemes for more practical channels experiencing fading as well as asynchronism. 
is positive de nite, then Proposition IV.3 states that even with maximal ratio combining for the high rate users, the HRD performance cannot be superior to that of the LRD. The probability of bit detection error for low-rate user k with maximal ratio combining on the HRD is given by:
The probability of bit detection error for the LRD for lowrate user k is given by: 
2
Note that in the case that the low-rate users use repe- In this appendix, we calculate the covariance matrix of the noise vector in the outputs of the decorrelators in the two stages and show that the noise components from the outputs of the di erent decorrelators are independent of each other. n (1) n (2) . . . H (2) . . .
IV. Derivation of AME of the DDFB receiver
In this appendix, we provide the derivation of the exact AME for the DDFB receiver seen in equation (28) . We begin by examining the output of the second stage decor- (47) Since each term in the above summation corresponds to a probability of error conditioned on a particular realization of b FB andb FB , we will connote the AME for each of the conditional probabilities of error as a conditional AME. The AME for the receiver is the minimum of the 2 2(M?1)K1 conditional AMEs.
To evaluate these conditional AMEs, all of the terms are re-written in terms ofñ (i) l;1 andñ (M) k;0 by equations (42) and (47) The determination of the two lower bounds on the DDFB receiver's AME is given below. Lower Bound 1 is seen in equation (31) Since the AME derived from the upper bound of the probability of error is the lower bound of the actual AME and the AME derived from a sum of conditional probabilities in equation (27) is lower bounded by the minimum conditional AME obtained from each of the conditional probabilities, it is concluded that the minimum conditional AME of the terms in (52) is the lower bound of the AME of the DDFB detector. Using the inequality Q( ) 1 2 exp(? 2 2 ) 29], the lower bound of conditional AME for each term can be found and the Lupas' lower bound of the actual AME is derived accordingly (see 28] for the nal result).
As shown in Appendix C, the noise components from the outputs of di erent decorrelators are independent of each other for the dual-rate system. Thus P(b FB In order to obtain a simple upper bound, we only examine those two extremes and try to upper bound the conditional AMEs of those terms in the summation in (27) as tightly as possible. In other words, we only consider the cases in which all of the high-rate data bits in Based on these results, an upper bound for the AME is given in equation (34). 
